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Abstract

Changing persistence in time series models means that a structural change from non-

stationarity to stationarity or vice versa occurs over time. Such a change may have

important implications for forecasting. This paper studies a variety of forecasting

strategies which allow for changes in persistence by model and data selection based on

pre-testing. In a large-scale Monte Carlo study we investigate the performance of sev-

eral forecasting devices under many different data generating processes. These include

other types of structural breaks like changes in the unconditional volatility, level shifts

and broken trends. We propose a forecasting strategy which is able to outperform

traditional approaches for trending macroeconomic and financial data significantly for

a wide selection of breaks.
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1 Introduction

Recent research in time series econometrics has paid a lot of attention to structural

breaks in autoregressive time series models. Perron (2006) provides an excellent sur-

vey of several relevant issues in this field. One of these topics is changing persistence,

which is defined as a change in the degree of integration of a time series. A leading

example for changing persistence is a first-order autoregressive (AR) model where the

AR parameter equals one during the pre-break period and less than unity in absolute

value during the post-break period, or vice versa. Such a break in persistence may

have immediate consequences for forecasting. It is well known that ignoring struc-

tural breaks in the parameters of the forecasting model may result in poor forecasting

performance. This paper investigates the behaviour of standard forecasting models

under changing persistence and proposes a new forecasting strategy based on pre-

testing. It is shown that this strategy shows a good performance even if other types

of structural breaks occur. Among these we consider empirically relevant level shifts,

broken trends and changing volatility specifications.

As Perron (2006) points out, changing persistence has been an issue of substan-

tial empirical interest, especially concerning inflation rate series (e.g., Barsky, 1987,

Burdekin and Siklos, 1999), short-term interest rates (e.g., Mankiw et., 1987), gov-

ernment budget deficits (e.g., Hakkio and Rush, 1991) and real output (e.g., Delong

and Summers, 1988). An emerging strand of literature discusses changing persistence

with a special emphasis on US and European inflation rates, see O’Reilly and Whelan

(2005), Kang et al. (2006), Kumar and Okimoto (2007) and Pivetta and Reis (2007).

Moreover, Halunga et al. (2008) consider the possibility of structural changes in the

mean of the inflation data generating process next to changing persistence.

The forecasting strategy we propose in this paper is based a unit root test against

changing persistence. This test has been recently suggested by Leybourne et al.
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(2007) and its properties are useful in the context of forecasting. A key property of

this test is its conservative behaviour under constantly stationary data generating

processes. This results in a test which is able to discriminate consistently between

processes with constant and changing persistence. It should be noted that this prop-

erty is usually not shared by other tests against changing persistence, see Leybourne

et al. (2007). Among these are the tests proposed by Kim (2000), Kim et al. (2002),

Leybourne et al. (2003) and Busetti and Taylor (2004). As a by-product, Leybourne

et al. (2007) suggest consistent breakpoint estimators which allows us to discard

unnecessary data points which may negatively influence the forecasting performance.

As analyzed in Pesaran and Timmermann (2005), it is beneficial to use only post-

break data for forecast model estimation. On the contrary, it is not sensible to always

assume that a change in persistence occurs. In fact, if no break occurs, useful obser-

vations for forecast model estimation are discarded. Hence, it might be beneficial to

discriminate between constant and changing persistence as a first step and to esti-

mate the breakpoint as a second step in case of a rejection.

In order to consider empirically relevant models for macroecnomic and financial data,

we allow for linear deterministic trends in stationary autoregressive models. This,

however, implies an estimation bias when ordinary least squares (OLS) is applied.

Fortunately, several bias-correction methods have been proposed in the related liter-

ature. As shown by Andrews and Chen (1994), the estimates of the parameters of a

linear trend model with serial correlation can be heavily biased, especially in small

samples. Therefore, we follow Kim (2003) and apply some bias-correction methods

for the estimator of an autoregressive time series model with a linear trend. Among

these are the approximately median-unbiased estimator by Roy and Fuller (2001)

and a bootstrap-based technique by Kim (2003). We expect that bias-corrected esti-

mation has a positive impact on the forecasting performance but it can be expected

that the question whether to conduct a pre-test or not is of greater practical relevance.
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Our last contribution is to study the behaviour of several forecasting strategies under

unit root processes that are subject to other types of breaks. We consider (i) level

shifts, (ii) broken trends and (iii) changes in the unconditional variance of the error

process. Moreover, we also consider the possibilities of level or trend shifts and a

simultaneous change in variance. In a large-scale Monte Carlo study we investigate

the empirical performance of several forecasting strategies. We consider small and

moderate sample sizes and forecast horizons ranging from one to fifty steps ahead.

Our results indicate clearly the usefulness of the newly proposed forecasting strategy

under a variety of empirically relevant conditions.

The paper is organized as follows: section 2 discusses the autoregressive time series

model under changing persistence, related unit root tests and breakpoint estimation.

Section 3 covers a detailed description of all forecasting strategies, while bias-corrected

estimation of the trending AR model is briefly reviewed in section 4. The Monte Carlo

setup and discussions of numerical results are given in section 5. Main conclusions

are drawn in section 6.

2 Changing Persistence and related statistics

2.1 AR model with changing persistence

We consider the following first-order autoregressive model that is subject to a change

in persistence at some breakpoint [τT ] with τ ∈ (0, 1):

yt = β + γt + α1yt−1 + σεt, for t = 1, 2, ..., [τT ] (1)

yt = β + γt + α2yt−1 + σεt, for t = [τT ] + 1, ..., T . (2)

The innovation process εt is assumed to be stationary, short memory and linear in-

novation process: εt = C(L)ut =
∑∞

i=1 Cjut−j, 0 < C(1) < ∞,
∑∞

j=0 ja|Cj| < ∞ for
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some a > 1. Furthermore, ut is i.i.d. with mean zero, constant variance σ2 > 0 and

finite fourth-order moments.

In this model, persistence is determined through autoregressive parameters 0 ≤ α1 ≤
1 and 0 ≤ α2 ≤ 1. As long as α1 6= α2, a structural change occurs at time [τT ].

The special case of this particular break in which |α1| = 1 and |α2| < 1 hold, is

called a decline in persistence because the trending AR model in equation (1) is

non-stationary, that is I(1), during time t = 1, 2, . . . , [τT ] and stationary, that is

I(0), afterwards. In particular, as long as γ 6= 0 holds, the AR model (1) is trend-

stationary in the post-break period t = [τT ] + 1, [τT ] + 2, . . . , T . Analogously, an

increase in persistence takes place if |α1| < 1 and |α2| = 1, i.e. the process switches

from (trend-)stationary to a unit root process. It should be noted that stable shifts,

i.e. α1 6= α2 and α1, α2 ∈ (0, 1), do not constitute a change in persistence as the

process is stationary over the whole sample period.

Changing persistence may have consequences for the validity of economic theories

like the Purchasing Power Parity, for economic decision making as impulse responses

change over time and for forecasting. Ignoring structural changes in the autoregres-

sive parameter may lead to relatively poor forecasting performance, see Pesaran and

Timmermann (2006). These authors consider a small number of experiments where

persistence is changing over time. A main conclusion is that ignoring pre-break data

can improve the forecast accuracy significantly. The breakpoint is, however, generally

unknown and has to be estimated from the data. Furthermore, it does not make much

sense to assume that a change in persistence occurs for all considered time series to

be forecasted. If no actually no break occurs, then useful information for forecast-

ing is wasted. Hence, it might be beneficial to test for constant persistence against a

change in it as a first step and to estimate the breakpoint as a second step in case of a

rejection. After breakpoint estimation, an AR model may be fitted to the post-break
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data. If no rejection occurs, the whole sample should be used for model estimation

for reasons of estimation accuracy. This paper proposes a pre-testing strategy which

is described in the next subsection.

2.2 Unit root test against a change in persistence

The literature on testing constant against changing persistence considers the null hy-

pothesis of a constant I(1) or constant I(0) process while the alternative is given by

a deterministic change from I(1) to I(0) over time, or vice versa. In principle, these

tests can be carried out as one-sided tests with a known direction of change or as

two-sided tests with unknown direction. In this paper, one-sided tests are carried out

as the direction is usually clearly given by historical situation. One of the most recent

contributions to this literature is the CUSUM of squares-based test by Leybourne et

al. (2007). The authors solve an important problem that is inherent in other tests

for changing persistence: The asymptotic size equals one if both, the null and the

alternative hypotheses are wrong. This situation means for a unit root test against

changing persistence that the process is constantly I(0) and for a stationarity test

that it is constantly I(1). The construction of the CUSUM of squares-based test by

Leybourne et al. (2007) results in a conservative test, i.e. the asymptotic size is

equal to zero. This property can be of use in a forecasting context. The reason is

that a spurious rejection of the null hypothesis would imply an unnecessary waste of

important data points for estimation of the forecast model. Such spurious rejection

do not occur when applying the Leybourne et al. (2007) test. Therefore, we focus in

this work on this test. We therefore provide a brief discussion of it and the related

breakpoint estimator for the true and unknown parameter τ .
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The test against a change in the persistence as proposed by Leybourne et al. (2007)

builds upon the test statistic R which is given by

R =
infτ∈Λ Kf (τ)

infτ∈Λ Kr(τ)
,

where Kf (τ) and Kr(τ) are CUSUM of squares-based statistics based on the forward

and reversed residuals of the data generating process as given below. The relative

breakpoint τ ∈ Λ = [τ , τ ] is assumed to be unknown and an estimator for τ is given

below. In more detail, Kf (τ) and Kr(τ) are given by

Kf (τ) =
1

[τT ]2γ̂f
0 (τ)

[τT ]∑
t=1

v̂2
t,τ

and

Kr(τ) =
1

(T − [τT ])2γ̂r
0(τ)

T−[τT ]∑
t=1

ṽ2
t,τ .

Here, v̂t,τ are the residuals from the OLS regression of yt on a constant based on the

observations up to [τT ]. This is

v̂t,τ = yt − ȳ(τ)

with ȳ(τ) = [τT ]−1
∑[τT ]

t=1 yt. Similarly ṽt,τ is defined for the reversed series zt ≡
yT−t+1. In addition, γ̂f

0 (τ) and γ̂r
0(τ) are OLS variance estimators for ∆v̂t,τ and

∆ṽt,τ , respectively. Analogous expressions for the case of de-trending can be found

in Leybourne et al. (2007). The null hypothesis of a constant unit root process is

rejected for large values of R in favor of the alternative. Regarding the unknown

breakpoint, Leybourne et al. (2007) prove consistency of two breakpoint estimators

which are given by

τ̂ f = arg inf
τ∈Λ

1

[τT ]2

[τT ]∑
t=1

v̂2
t,τ if yt ∼ I(0) → I(1)

and

τ̂ r = arg inf
τ∈Λ

1

(T − [τT ])2

T−[τT ]∑
t=1

ṽ2
t,τ if yt ∼ I(1) → I(0).
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Note, that 1
[τT ]2

∑[τT ]
t=1 v̂2

t,τ and 1
(T−[τT ])2

∑T−[τT ]
t=1 ṽ2

t,τ are equal to the unstandardized

(without the long-run variance estimator) forward and backward statistics Kf (τ) and

Kr(τ), respectively.

It is worthwhile to note that standard unit root and stationarity tests are ill-behaved

if a change in persistence occurs. As a change in persistence implies that there is a

fraction of observations where the process is stationary and another fraction of non-

stationary observations, the behaviour of standard tests depend dramatically on the

breakpoint τ . If the fraction of observations which belong to the stationary part of

the sample is small, rejections are not likely and vice versa. Hence, standard unit

root tests are not able to discriminate between constant I(1) and changing persis-

tence processes. However, for reasons of comparison we shall consider the standard

unit root test proposed by Dickey and Fuller (1979) in this study as well.

2.3 A more general model with breaks

The changing persistence model (1) restricts other parameters than autoregressive

ones to be constant. Given the paramount importance of level shifts, broken trends

and changes in the unconditional volatility for economic time series and the corre-

sponding great deal of literature covering these issues, we shall consider a much more

general AR model. It is given by

yt = β1 + γ1t + α1yt−1 + σ1εt, for t = 1, 2, ..., [τT ] (3)

yt = β2 + γ2t + α2yt−1 + σ2εt, for t = [τT ] + 1, ..., T , (4)

with either decreasing persistence, |α1| = 1, |α2| < 1, or increasing persistence, |α1| <
1, |α2| = 1. Even though this model allows for four different types of breaks it restricts

the number of breaks to be equal to one. Another limitation is the assumption that all

breaks occurs at the same time, i.e. τβ,γ,α,σ = τ . Only a few articles discuss the effects
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Table 1: Forecasting strategies

No change in persistence

S1 I(0) + trend (black line)

S2 I(1) + drift (1.00 line)

S3 Pre-testing for unit root (choose between S1 and S2) (red line)

Change in persistence

S4 Post-break data (τ̂) for I(0) + trend model (green line)

S5 Pre-testing for changing persistence (choose between S3 and S4) (blue line)

of other types of structural breaks on test for constant against changing persistence.

Among these are Belaire-Franch and Cavaliere and Taylor (2006) who consider mean

shifts and volatility breaks, respectively. In principle, tests are not robust and may

reject the null hypothesis of constant persistence far too often. Hence, changing

persistence may be confused with other types of structural breaks. Our numerical

results in section 5 will shed some light on these issues and the consequences for

forecasting.

3 Forecasting strategies

We consider a variety of forecasting strategies which may be divided into two groups:

those accounting for structural changes in persistence and ones permitting no breaks.

Among the strategies assuming no breaks are a trend-stationary AR(1) model (Strat-

egy 1, S1 for short), the random walk forecast (Strategy 2) and a pre-testing procedure

(Strategy 3) analyzed by Diebold and Kilian (2000). On the contrary, we consider

two different strategies regarding changes in persistence. First, it assumed that the

alternative hypothesis of the CUSUM of squares-based test is always true (Strategy

4). Second, we consider a pre-testing procedure accounting for changes in persistence

with a ceratin significance level α (Strategy 5). Table 1 summarizes different fore-
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casting strategies. The next subsections are dedicated to a more careful explanation

of details regarding Strategies 1 – 5.

3.1 Assuming no change in persistence

Strategy 1 Standard forecasting models for trending macroeconomic and finan-

cial data are the trend-stationary AR(1) model and the random walk. The trend-

stationary AR(1) model is given by

yt = β + γt + αyt−1 + σεt ,

with |α| < 1. Under the assumption of the quadratic loss function L(yt+h, ŷt+h|t) =

(yt+h− ŷt+h|t)2, the MSFE-optimal h-step forecast of yt generated in t from the trend-

stationary AR(1) model is given by

ŷS1
t+h|t =

h−1∑
j=0

αj(β + γ(t + h− j)) + αhyt .

Ng and Vogelsang (2002) show that direct OLS estimation of the trend-stationary

model dominates a two-step procedure where the data is de-trended in a first step and

the persistence parameter α is estimated in a second step. Therefore, we apply the

direct method in this paper. As a competitor to classic OLS estimation we consider

a feasible generalized least squares (FGLS) estimator proposed by Roy and Fuller

(2001) and a bootstrap mean-corrected estimator discussed in Kim (2003). These

estimators are considered in section 4 in more detail.

Strategy 2 The second considered forecasting model is the unit root model with

drift β, i.e.

yt = β + yt−1 + εt .

Analogously to the trend-stationary forecast model, the h-step ahead forecast from

this difference-stationary model is given by

ŷS2
t+h|t = βh + yt .
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The drift parameter β is estimated with the OLS method. It is worthwhile to em-

phasize that the forecasts from both models (trend-stationary and unit root model)

can be quite different from each other and this is especially true for large forecast

horizons h. Furthermore, it is well known that an incorrect model may outperform

the true model in terms of out-of-sample forecasting. Therefore, it is not necessarily

always a good strategy to search for the true model. Pre-testing is a possibility to

account for model uncertainty in a simple environment as it is given here (only two

competing models are considered and one of them is nested). Instead of always using

either (i) the trend-stationary model or the (ii) unit root model with drift one may

gain a lot in terms of out-of-sample MSFE reduction by using a pre-test to select one

of the competing models prior to forecasting.

Strategy 3 As intensively discussed in Diebold and Kilian (2000), pre-testing offers

quite often a significant improvement compared to Strategy 1 or Strategy 2. The

pre-test itself should contain one of the model as the null model and the other one

as alternative model. Popular candidates are the KPSS test by Kwiatkowski et al.

(1992) and the Dickey-Fuller (DF) test. We choose the famous and widely applied

DF test as the pre-test which is also used in Diebold and Kilian (2000). In particular,

we run the DF regression including a constant and a linear trend,

∆yt = ξ0 + ξ1t + φyt−1 + ut.

If the null hypothesis H0 : φ = 0 is rejected at some nominal significance level in

favor of H1 : φ < 0, then a trend-stationary forecast model is selected. Otherwise,

the drifting unit root model is used for forecasting purposes.

3.2 Accounting for a change in persistence

Strategy 4 assumes that a change in persistence occurs. This means implicitly that

the size and power of the Leybourne et al. (2007) pre-test is automatically one. More-

over, the breakpoint τ is always estimated even if no break occurs. It is expected
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that this strategy shows a relatively good performance if the alternative is true, i.e. a

change in persistence occurs. Under validity of the null hypothesis of a constant I(1)

process however, the accuracy may be significantly worse than the one of the random

walk model which serves as the benchmark. The effects are quantified in section 5. As

we assume that the direction of change is known, we use the appropriate breakpoint

estimator.

Strategy 5 A compromise between Strategies 1 to 4 is to pre-test for a unit root

against a change in persistence. In case of a rejection, Strategy 4 is applied in the

sense that the unknown breakpoint τ is estimated and that pre-break data is is ig-

nored when estimating the model under the alternative. The case of a non-rejection

is more involved. Due to the properties of the CUSUM of squares-based pre-test, a

non-rejection can be interpreted as evidence for constant persistence. It is, however,

unclear whether the non-rejection is caused by a constant I(0) or a constant I(1)

process. Therefore, Strategy 3, that is pre-testing under constant persistence, is ap-

plied in this case. Depending on the outcome of the second pre-test a trend-stationary

AR(1) model or the random walk model with drift is estimated using all observations.

An important parameter that determines the degree of compromise is the nominal

significance level α at which the pre-test is carried out. As α → 0, both size and

power of the pre-test tend to zero as well and the random walk forecast model is

always chosen and estimated with all observations. If α → 1, Strategy 4 emerges as a

special case. The optimal significance level is generally unknown and we concentrate

ourselves therefore on traditional values like five and ten percent. Analogously to the

Dickey-Fuller test applied in Strategy 3, a linear deterministic trend is assumed when

the CUSUM of squares-based pre-test is computed.
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4 Bias-corrected estimators

It is a well known fact that the classic OLS estimator for the persistence parameter of

the trending AR(1) model is downward-biased in small samples. Due to the fact that

we consider sample sizes of T = 100 and 250 it seems to be reasonable to study the

performance of forecasting strategies when biased-corrected estimators are applied.

Therefore, we consider the median-unbiased Roy-Fuller estimator and a bootstrap

estimation procedure.

4.1 Roy–Fuller estimator

The Roy–Fuller estimator provides a simple modification to the least squares esti-

mator for α. Let α̃ = min(α̈, 1), where α̈ = α̇ + (Cp(λ̂1) + C−p(λ̂−1))σ̂1. Here, α̇

denotes the OLS estimator for α in ŷt = αŷt−1 + εt, where ŷt is the OLS residual

from the regression yt = β + γt + vt. Hence, α̇ is the OLS estimator for previously

de-trended time series yt. Furthermore, σ̂1 denotes the standard error of α̇. Please

note, that λ̂1 = (α̇ − 1)/σ̂1 is the Dickey-Fuller unit root test statistic, while λ̂−1

is a similar statistic for the unit root hypothesis H0 : α = −1. The two functions

Cp(λ̂1) and C−p(λ̂−1) control the way in which bias correction is conducted. They

are constructed in order to make α̃ approximately median-unbiased at α = 1 and

α = −1, respectively. In more detail,

Cp(λ̂1) = −λMED + dn(λ̂1 − λMED), if λ̂1 > λ̂MED

= Ip(T
−1λ̂1)− 3[λ̂1 + k(λ̂1 + K)]−1, if −K < λ̂1 ≤ λ̂MED

= Ip(T
−1λ̂1)− 3λ̂1−1, if −

√
3T < λ̂1 ≤ −K

= 0, if λ̂1 ≤ −
√

3T

where Ip is the integer part of (p+1)/2 and λMED = −2.18 denotes the median of the

limiting distribution of λ̂1 if α = 1; k = [3n−λ2
MED(Ip+T )][λMED(K+λMED)(Ip+T )]−1.

Further details can be found in Roy and Fuller (2001).
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4.2 Bootstrap bias-corrected estimator

The bootstrap procedure applied to the autoregressive model involves the generation

of a large number of pseudo-data sets using the estimated coefficients and re-sampled

residuals. Therefore, the pseudo-data sets resemble the dependence structure that is

present in the data generating process. The biases of estimators for autoregressive

parameters can be estimated as follows: generate a pseudo-data set {y∗t }T
t=1 as

y∗t = β̂ + γ̂t + α̂y∗t−1 + u∗t

where u∗t is a random draw with replacement from {ût}T
t=2. The B sets of pseudo-data

are generated, each of which gives a bootstrap parameter estimate for θ = (β, γ, α)′,

so that we obtain {θ∗(i)}B
i=1. We obtain θ∗ = (β∗, γ∗, α∗)′ by estimating the regression

model y∗t = β + γt + αy∗t−1 + u∗t and the bias of θ∗ is simply estimated as θ̄∗ − θ̂,

where θ̄∗ is the sample average of {θ∗(i)}B
i=1. Using this bootstrap bias-estimator,

the bias-corrected estimator for θ is θ̂B = θ̂ − (θ̄∗ − θ̂) = 2θ̂ − θ̄∗. For further details

regarding this estimator, see Kim (2003).

5 Monte Carlo study

This section deals with the Monte Carlo simulation setup, presentation and discus-

sion of numerical results. The performance of forecasting strategies 1–5, see Table

1, is evaluated for a collection of different data generating processes. Before we turn

to the details, some specific remarks are in order. The forecast horizon h takes val-

ues from 1 to 50. This choice corresponds to short- and medium-term forecasting

when having monthly and quarterly data in mind. The sample sizes we consider are

T = 100 and T = 250. If the data generating process contains a structural break,

then the breakpoint is located in the middle of the in-sample period, i.e. τ = 0.5. The

specified loss function is the mean squared forecast error (MSFE) and the benchmark

is the random walk forecast. Relative MSFEs are reported graphically. The num-

ber of Monte Carlo repetitions is set equal to 1,000. The nominal significance levels
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for both unit root pre-tests (DF and CUSUM of squares) are set equal to ten percent.

We consider 13 different data generating processes, see Table 2. Among these are a

constant I(1) process (DGP I), processes with a change in persistence (DGPs II–IV),

constant I(1) processes with volatility change (DGPs V–VI) or level shift (DGPs

VII–VIII) or both (DGPs IX–X) and finally constant I(1) processes with a broken

trend (DGP XI) and an additional volatility change (DGPs XII–XIII). The exact

parametrization can be found in Table 2. Typical realizations of the DGPs II–XIII

are visualized in Figure 1.

5.1 Constant I(1)

Results for a unit root process without any structural change, i.e. constant I(1) (DGP

I), are depicted in Figure 2. Regardless of the applied estimator for the trending

AR(1) model, we conclude that Strategy 4 (green line) which assumes a persistence

change is extremely bad performing. The larger the forecast horizon, the worse is its

performance. The reported numbers for τ̂ in Table 3 show that approximately half

of the sample is wasted. If the trending AR(1) model is estimated with all available

observations (black line), the forecast accuracy is increased but still poor. Moreover,

the rejection frequencies for the DF and CUSUM pre-test indicate that both tests

are correctly sized which is not surprising as small-sample adjusted critical values are

used.

Both pre-testing strategies (red and blue line) show satisfying performance since

relative MSFEs are close to one. It is not surprising that Strategy 3 performs a bit

better than Strategy 5 because Strategy 5 is based on two pre-tests with individual

test sizes of ten percent while Strategy 3 requires the application of only one pre-

test. It is should be noted that the performance of both strategies can be improved
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Table 2: Data generating processes

Parameters Level Trend Persistence Volatility

β1 β2 γ1 γ2 α1 α2 σ1 σ2

Constant I(1)

DGP I 0 0 0 0 1.00 1.00 1 1

Change in persistence from I(1) to I(0)

DGP II 0 0 0 0 1.00 0.90 1 1

DGP III 0 0 0 0 1.00 0.50 1 1

DGP IV 0 0 0 0 1.00 0.10 1 1

Constant I(1), volatility change

DGP V 0 0 0 0 1.00 1.00 5 1

DGP VI 0 0 0 0 1.00 1.00 10 1

Constant I(1), level shift

DGP VII 0 5 0 0 1.00 1.00 1 1

DGP VIII 0 10 0 0 1.00 1.00 1 1

Constant I(1), level and volatility shift

DGP IX 0 25 0 0 1.00 1.00 5 1

DGP X 0 50 0 0 1.00 1.00 10 1

Constant I(1), broken trend

DGP XI 0 0 0 1 1.00 1.00 1 1

Constant I(1), broken trend and volatility shift

DGP XII 0 0 0 1 1.00 1.00 5 1

DGP XIII 0 0 0 1 1.00 1.00 10 1
Notes: General data generating process is given by yt = β1 +(β2−β1)1(t >

[τT ]) + (γ1 + (γ2 − γ1))t1(t > [τT ]) + (α1 + (α2 − α1)1(t > [τT ]))yt−1 +

(σ1 +(σ2−σ1)1(t > [τT ]))εt. Innovations are standard normally distributed,

εt ∼ N(0, 1).
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Table 3: Summary statistics for unit root pre-tests and a breakpoint estimator, T = 100

DGP I II III IV V VI VII VIII IX X XI XII XIII

DF 0.097 0.391 0.520 0.674 0.230 0.228 0.097 0.066 0.121 0.138 0.003 0.132 0.186

CUSUM 0.096 0.307 0.531 0.806 0.324 0.487 0.100 0.085 0.399 0.465 0.123 0.258 0.443

τ̂ 0.533 0.412 0.397 0.401 0.644 0.639 0.577 0.628 0.639 0.641 0.626 0.643 0.640

by decreasing the nominal significance levels for the pre-tests. This will be, however,

costly in terms of power and will result in less convincing performance when structural

breaks occur. Moreover, the relative loss in forecast precision by applying the double

pre-testing strategy 5 is limited and does not exceed twelve percent at all.

5.2 Change in persistence

Under changing persistence we observe a clear advantage for Strategies 4 and 5 which

are explicitly designed for this type of DGP, see Figures 3–5. Therefore, it is not

surprising that all other strategies are relatively imprecise. As the power of the

CUSUM of squares-based pre-test ranges between thirty and eighty percent, Strategy

4 (with artificial power of hundred percent) performs of course best in terms of relative

MSFE. When applying the OLS estimator, we observe a clear difference between the

trend-stationary forecast model (S1) and the pre-testing strategy S3. S1 leads to

much higher relative MSFE values than S3 which can be explained by the fact that

the OLS estimator is seriously downward-biased. In case of bias-corrected estimation

this difference is much less pronounced. We can see from Table 3 that the power of

the Dickey-Fuller pre-test is relatively large if the change in persistence is large and

vice versa. Unsurprisingly, the same conclusion holds for the CUSUM of squares-

based pre-test. Moreover, it should be noted that the breakpoint estimator for τ is

somewhat downward biased so that more than potentially necessary information is

included in the estimation of the trending AR(1) model.
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Figure 1: Typical realizations of data generating processes II - XIII, T = 100
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5.3 Constant I(1) with other types of structural changes

5.3.1 Changes in the unconditional variance

Figures 6 and 7 depict the results for unit root processes which exhibit a structural

change in the unconditional variance of the error term. It can be seen that strategies

S4 and S5 are able to beat the benchmark. If the volatility break is large, then gains

can be achieved by applying S4 or S5 for nearly all forecast horizons. For moderate

breaks, the evidence is mixed. For h greater than 15, the double pre-testing strategy

S5 is better performing than the benchmark strategy S2. Strategies 1 and 3 suffer

from the fact that (i) the trend-stationary model is misspecified and that (ii) the

Dickey-Fuller test has non-trivial power when yt is generated according to DGPs V

and VI, see Table 3. Furthermore, the CUSUM of squares-based pre-test has even

more power and is therefore able to detect the structural break although it is not

a change in persistence. The breakpoint estimator is upward-biased in this case

implying that some data points are wasted. It is worthwhile noting that strategy S1

shows a relatively bad performance when the biased OLS estimator is applied instead

of a bias-corrected estimator. The differences between the the bootstrap approach

and Roy-Fuller technique are very little for the DGPs that has been considered so

far.

5.3.2 Level shifts with and without changes in the unconditional variance

We now turn to the results for unit root processes with level shifts which may be

subject to changes changes in the unconditional variance of the error term. The

DGPs VII and VIII cover only level shifts, while DGPs IX and X include both types

of breaks at the same point in time, i.e. τβ,σ = 0.5. Results are shown graphically

in Figures 8–11. If only level shifts occur, the picture is nearly identical to the

case DGP I, where a unit root process with out any type of breaks is specified, see

Figures 8 and 9. The reason is that both pre-tests are more or less correctly sized,

see Table 3. The breakpoint estimator is a bit upward-biased which results in a poor
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performance of S4. It is interesting to note that the I(0) plus trend model performs

best, although relatively weak when compared to the random walk forecast, if the

Roy-Fuller estimator is applied. If additionally to the level shift a change in volatility

occurs at the same time, results are a mixture of the results obtained for individual

types of breaks, see Figures 10 and 11. The shape of MSFE ratios look very much

the same like in the case of DGPs V and VI (only volatility change), although they

are upward shifted which is due the structural break on the mean of the process.

6 Conclusions

This paper considers forecasting trending autoregressive time series which may be

subject to several types of structural breaks. Special attention is paid to the concept

of changing persistence which constitutes a new type of structural break which has

been analyzed recently. A change in persistence means that the time series process

switches from stationarity to non-stationarity over time, or vice versa. Such a change

may have important implications for forecasting. Several forecasting strategies are

analyzed in a large-scale Monte Carlo study. A newly proposed strategy which builds

upon pre-tests for changing persistence and unit roots shows relatively good overall

performance. Its usefulness is underlined by the fact that it is more accurate than

other approaches even if other types of structural breaks occur like level shifts, broken

trends or changes in the unconditional error variance. The performance of this fore-

casting strategy can be improved by using a bias-corrected estimator for the trending

autoregressive forecasting model rather than the classic OLS method.
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Figure 2: DGP I: Constant I(1) (α2 = 1), T = 100
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Figure 3: DGP II: Change in persistence (α2 = 0.7), T = 100
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Figure 4: DGP III: Change in persistence (α2 = 0.5), T = 100
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Figure 5: DGP IV: Change in persistence (α2 = 0.1), T = 100
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Figure 6: DGP V: Volatility change (σ1 = 5), T = 100
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Figure 7: DGP VI: Volatility change (σ1 = 10), T = 100
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Figure 8: DGP VII: Level shift (β2 = 5), T = 100
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Figure 9: DGP VIII: Level shift (β2 = 10), T = 100
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Figure 10: DGP IX: Level and volatility shift (β2 = 25, σ1 = 5), T = 100
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Figure 11: DGP X: Level and volatility shift (β2 = 50, σ1 = 10), T = 100
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